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Fig. 1 Eftect of nozzle exit pressure on thrust.

define the thrust ratio of actual to ideal thrust as

F./Fi = [meVe + (p. - po)A.]/m.7« (1)

For a perfect gas with constant specific heat ratio we find

Fe/F, = (Ve/V(){l + [(p. - po)/(p.-yJtf.*)]} (2)

If we further assume isentropic flow without heat addition
and use standard one-dimensional relationships,2 for example,

Pt/p = {1 + [(7 - (3)

We can express Eq. (2) in terms of the actual and ideal exit
Mach number,

(4)

where Mi is the exit Mach number for expansion to ambient
pressure and Me is for expansion to the actual exhaust pres-
sure. It should be noted that the exit area for subsonic flow
must be varied to maintain the same mass flow.

From Eq. (4), Fe/Fi may be plotted as a function of Me
and Mir but a more convenient presentation is in terms of
the nozzle pressure ratio (Pt/po) and the exit pressure ratio
(Pe/p<j). This is shown in Fig. 1 with a dashed line to illus-
trate the regions of subsonic and supersonic flow at the nozzle
exit. These results reveal some interesting trends. First we
note that above or to the right of the dashed line the exit flow
is subsonic. In this region, the thrust ratio increases con-
tinuously with exit pressure for nozzle pressure ratios (Pt/po)
less than critical (1.892 in this case). This is typical of the
ground-effect machine in which a very large thrust results
with a low exit velocity. At higher nozzle pressure ratios,
the thrust increase is less pronounced.

Secondly, we note that for exit pressures lower than at-
mospheric, the thrust of a subsonic flow again rises, reaching
a peak value (at Me = 1) for nozzle pressure ratios less than
critical. For supersonic exit flow (to the left of dashed line),
the thrust drops from the peak because the increase in exit
velocity is more than offset by the lowered pressure.

The effect of exit pressure is most marked when the basic
nozzle pressure ratio is small. Thus, for example, with a
nozzle pressure ratio of Pt/po = 1.2, a local exit pressure re-
duction of 40% or a pressure increase of 10% will each pro-

duce a thrust increase of about 6% above the ideal theoretical
value.
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Rapid Estimation of Wing
Aerodynamic Characteristics for

Minimum Induced Drag

BOBBY G. GILMAN* AND KENNETH P. BURDGESJ
Lockheed-Georgia Company, Marietta, Ga.

Nomenclature
AR = aspect ratio = (span)2/wing area
OLD = design lift coefficient
CL<X = lift coefficient per degree, (dCL/daL)
CmD = pitching moment about wing apex at design lift

condition
Cmo = pitching moment at zero lift for (er/«)opT condi-

tion
Cmo, = pitching moment coefficient about wing apex for

CL = Oand er = —1°
Cma ~ pitching moment coefficient about wing apex per

degree, (dCm/da.L]
M = Mach number
a, = total angle of attack = (ao + «z,), deg
Q/O = zero-lift angle of attack for (er/a)opT condition,

deg
a0l = zero-lift angle of attack for 1° tip washout, deg
aL = flat-plate angle of attack needed to develop de-

sired CLD, deg
(8 = Prandtl compressibility factor = (1 — M2)172

er = twist at tip (washout is negative), deg
(er/a)opT = tip twist angle/angle-of-attack ratio for mini-

mum induced drag (elliptical spanwise loading)
77 = nondimensional semispan location (0 at root, 1

at tip)
A = sweep angle at quarter chord, deg
A0 = compressible sweep angle = arc tan[(tanA)/|8], deg
X = taper ratio = tip chord/root chord

Introduction

THE data presented in this note were generated as part of
a large parametric study to determine basic aerodynamic

characteristics over a wide subsonic Mach number range for
uncambered, flat-plate wings having trapezoidal planforms
(parallel root and tip chords) with straight leading and trail-
ing edges. This type of wing was considered because of its
desirability from a manufacturing standpoint. The amount
of linear-lofted twist required for minimum induced drag
for such wings was also determined. Body interference
and viscous effects were not considered.

Discussion
The object of this note is to provide information that

can be used to determine rapidly the complete wing char-
acteristics for a near-optimum planform-twist combination
at any specified subsonic flight condition. The lifting-
surface computer program used in this study is described in
Ref. 1. Briefly, the wing loading is numerically approxi-
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Fig. 1 Variation of lift curve slope with (3AR.

mated by a vortex lattice that is sized by imposing the
boundary condition of no flow through the wing surface at a
selected number of control points equal to the number of
vortices used. This method is based on the work of J. L.
Crigler of NASA, a portion of which is discussed briefly in
Ref. 2.

To compress the large amount of data generated, all wings
are related through the Prandtl transformation in terms of
/3, AR, and A^.3 Through this transformation, a single set of
curves can be used to represent the aerodynamic parameters
for any wing in subsonic flow. Individual wing character-
istics may be determined by first finding £Ts from

= tanA/tanA^ (1)
at which the plotted values of A/? correspond to the desired
wing sweep angle, A. Using these values of /3, the variation
of CLa, ofy, Cma and CmQ1 with $AR can be determined from
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Fig. 2 Variation of zero-lift angle of attack with (BAR
for 1° tip washout.
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Fig. 3 Variation of pitching moment coefficient slope
with PAR.

Figs. 1-4, respectively. By cross-plotting this information
vs Mach number, complete wing aerodynamic characteristics
at any desired subsonic Mach number can be obtained.

The amount of linear-lofted twist needed for minimum in-
duced drag (elliptical spanwise loading) at a given angle of
attack has also been determined. For trapezoidal planforms
with straight leading and trailing edges, the linear-lofted
twist angle at any spanwise station is given in Ref. 4 by

e = eri?X/[l - 77(1 - X)] (2)

Spanwise twist variations obtained from this expression were
used in the lifting-surface computer program for several
values of tip washout at a fixed angle of attack to determine
the minimum induced drag. The tip twist angle/angle-of-
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Fig. 4 Variation of zero-lifting pitching moment with
for 1° tip washout.
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Fig. 5 Variation of optimum tip twist angle/angle-of-
attack ratio with (3AR.

attack ratio, which produces minimum induced drag for a
particular wing, is defined as (cr/a)opT. Although this opti-
mum cannot be defined with great precision (because of
curve fits within the computer program used to calculate
wing efficiency), the variation near the optimum is small,
so that slight uncertainties will probably not be important
for most practical applications. Figure 5 shows the vari-
ation of (er/o:)opT with f3AR for twisted, trapezoidal planform
wings with taper ratios of 0.2, 0.3, and 0.4.

To design a wing of given planform to have a specified
CLD and minimum induced drag, values of aL, eT} and ao
must be known. These can be determined as follows:

(3)

where CL« is obtained from Fig. 1;

where a0l and (er/a)opT are obtained from Figs. 2 and 5,
respectively; and

Thus all quantities needed for wing design are determined.
This note provides information that can be used to estimate

rapidly the complete wing aerodynamic characteristics for
any uncambered, flat-plate trapezoidal planform wing at sub-
sonic Mach numbers including the linear-lofted twist needed
to produce minimum induced drag for a specified lift coeffi-
cient. Data obtained from this procedure provide a good
starting point for detailed consideration of more complex
wing configurations.
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Rolling Moment Due to Sideslip
of Delta Wings

DAVID L. KOHLMAN*
University of Kansas, Lawrence, Kansas

Nomenclature
= lift coefficient
= rolling moment coefficient
= angle of sideslip, rad
= angle of sweepback, deg
= dihedral angle, deg

= contribution of aspect ratio to
= contribution of sweepback to
= aspect ratio

N extensive literature survey has been conducted to cor-
relate existing experimental data with various predic-

tions of the rolling moment due to sideslip for delta wings.
For incompressible flow the rolling moment due to sideslip

for an isolated wing is given by the equation

The portion of Cip which is a linear function of lift coefficient
is composed of two terms. The first term, (bC^/bCi)^,
which is a function of aspect ratio and taper ratio, arises from
two sources: the mutual induction of the leading and trail-
ing wing panels, and the windward wing tip, which becomes
effectively a leading edge with high negative pressures at the
wing tip. The second term, (dC^/dC^A, is the contribu-
tion of sweepback to (dCip/dCL)o. This contribution to roll-
ing moment arises entirely from the difference in effective
sweep angle and aspect ratio of the leading and trailing wing
panels in sideslip.
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Fig. 1 Experimental and predicted values of
for delta wings.
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